Let G be a regular Lie group which is a directed union of regular Lie groups G i (all modelled on possibly infinite-dimensional, locally convex spaces). We show that G = lim −→
G i as a regular Lie group if G admits a so-called direct limit chart. Notably, this allows the regular Lie group Diff c (M ) of compactly supported diffeomorphisms to be interpreted as a direct limit of the regular Lie groups Diff K (M ) of diffeomorphisms supported in compact sets K ⊆ M , even if the finite-dimensional smooth manifold M is merely paracompact (but not necessarily σ-compact), which is new. Similar results are obtained for the test function groups C k c (M, F ) with values in a Lie group F .
Consider a Lie group G (modelled on a locally convex space) which is a union G = i∈I G i of such Lie groups G i , where (I, ≤) is a directed set, G i ⊆ G j for all i ≤ j in I and all inclusion maps η ji : G i → G j and η i : G i → G are smooth group homomorphisms. It is natural to ask whether G is the direct limit of the Lie groups G i in the category of Lie groups and smooth group homomorphisms; or, equivalently, whether a group homomorphism f : G → H to a Lie group H is smooth if f | G i : G i → H is smooth for all i ∈ I. This question and related ones (concerning direct limit properties of G as a topological group, as a smooth manifold, or as topological space) are fairly wellunderstood if I = N, so that we are dealing with a union G = n∈N G n of an ascending sequence G 1 ⊆ G 2 ⊆ · · · of Lie groups (see [6] and the references therein). For typical examples, consider a paracompact finite-dimensional smooth manifold M; then the group Diff c (M) of all smooth diffeomorphisms ψ : M → M such that ψ(x) = x off some compact set is a Lie group. Moreover, Diff K (M) := {ψ ∈ Diff c (M) : (∀x ∈ M \K) ψ(x) = x} is a Lie subgroup of Diff c (M) for each compact subset K ⊆ M (cf. [17] and [12] ). If F is a Lie group with neutral element e and k ∈ N 0 ∪ {∞}, then the "test tunction group" C k c (M, F ) is a Lie group, comprising all C k -maps γ : M → F such that γ(x) = e for x ∈ M off some compact set K [4, 8, 10, 11] . For fixed K,
is an ascending sequence of Lie groups and
holds as a Lie group and as a topological group, but not as a smooth manifold (see [6] ), nor as a topological space (see [20] ). Likewise,
holds as a Lie group and topological group but neither as a smooth manifold nor as a topological space if M and the K n are as before and F is a nondiscrete finite-dimensional Lie group.
For ascending unions G = i∈I G i with uncountable index sets I, hardly anything is known concerning direct limit properties: neither general results, nor results concerning concrete examples. Notably, in the case of a paracompact finite-dimensional smooth manifold M which fails to be σ-compact, it is an open problem whether
holds as a Lie group, and whether
holds as a Lie group for each finite-dimensional Lie group F (see Problem 17.13 in the extended preprint version arxiv.math/0606078 of [6] ).
In this note, we explain that the situation improves if we restrict attention to the class of Lie groups which are regular (in the sense recalled in Section 1). Regularity is a key concept in infinite-dimensional Lie theory going back to Milnor [18] (in the case of sequentially complete modelling spaces); see [10] , [12] , and [19] for further information (cf. also [16] ). Up to now, no examples of non-regular Lie groups modelled on sequentially complete (or Mackey complete) locally convex spaces have been found. Therefore, a focus on regular Lie groups hardly poses a restriction.
We consider a Lie group G modelled on a locally convex spaces which is the union G = i∈I G i of a directed family (G i ) i∈I of such Lie groups, as described above. We assume that G "has a direct limit chart", i.e., G admits a chart around its neutral element e which is built up from compatible charts of the Lie groups G i (see Section 1 for details). Then the following holds:
Theorem A. If the Lie group G is an ascending union G = i∈I G i of Lie groups G i and G admits a direct limit chart, then a group homomorphism f : G → H to a regular Lie group H is smooth if and only if f | G i : G i → H is smooth for each i ∈ I.
We record an immediate consequence:
Theorem B. If a regular Lie group G is an ascending union G = i∈I G i of regular Lie groups G i and G admits a direct limit chart, then G = lim −→ G i in the category of regular Lie groups and smooth group homomorphisms. Now consider a family (G j ) j∈J of Lie groups G j , where G j is modelled on the locally convex space E j . Then the subgroup
for all but finitely many j of j∈J G j can be made a Lie group in a natural way, modelled on the locally convex direct sum j∈J E j (see [11] , where the notation * j∈J G j is used for j∈J G j ). The Lie group j∈J G j is called the weak direct product of the family (G j ) j∈J . If φ j : V j → W j ⊆ E j is a chart of G j with e ∈ V j and φ(e) = 0, then j∈J V j := G ∩ j∈J V j is an open identity neighbourhood in G and the map
is a chart for G (cf. [11] ). Among other things, weak direct products are useful tools for the study of diffeomorphism groups and test functions groups (cf. [6] , [8] , [11] , and [12] ).
Theorem C (Direct limit properties of prime examples).
(a) If G := j∈J G j is the weak direct product of a family (G j ) j∈J of Lie groups, then a group homomorphism f : G → H to a regular Lie group H is smooth if and only if f | G j : G j → H is smooth for each j ∈ J. Let F be the set of all finite subsets of J (directed via inclusion). If G and each G j is regular, then G = lim −→ Φ∈F j∈Φ G j holds in the category of regular Lie groups and smooth group homomorphisms. Now let M be a paracompact, finite-dimensional smooth manifold. Let K be the set of compact subsets of M, directed via inclusion. Then we have: Criteria ensuring that j∈J G j is regular are known (see [10] ), and recalled in Section 3. Notably, each weak direct product of finite-dimensional Lie groups (or Banach-Lie groups) is regular. Criteria ensuring that C Let G be a Lie group with tangent space g := L(G) := T e (G) at the neutral element. We say that G has a smooth exponential function if there exists a (necessarily unique) smooth function exp G : g → G such that exp G ((t+s)v) = exp G (tv) exp G (sv) for all v ∈ g and s, t ∈ R, and d dt t=0
exp G (tv) = v for all v ∈ g. If G has a smooth exponential function and exp G is a local C ∞ -diffeomorphism at 0, then G is called locally exponential. Every regular Lie group has a smooth exponential function. Many important examples of Lie groups are locally exponential (for example, all Lie groups modelled on Banach spaces), but there also are many important examples which fail to be locally exponential (like the diffeomorphism group Diff(S) of the circle), cf. [18] , [12] , [19] . We record an easy observation:
Theorem D. Let G be a locally exponential Lie group which is the ascending union G = i∈I G i of Lie groups G i with smooth exponential function. 
Preliminaries and Notation
Write N := {1, 2, . . . , } and N 0 := N ∪ {0}.
We shall work with C
k -maps between open subsets of locally convex topological vector spaces as introduced by Bastiani [2] for k ∈ N 0 ∪ {∞} (a setting which is also known as Keller's C k c -theory). More generally, consider locally convex spaces E and F and a subset U ⊆ E which is locally convex in the sense that each point of U has a convex neighbourhood in U. Following [12] , we say that a map f : U → F is C k if f is continuous and there exist continuous maps
for all j ∈ N with j ≤ k such that the following iterated directional derivatives exist and are given by the right hand side:
for all x in the interior of U and y 1 , . . . , y j ∈ E. As usual, C ∞ -maps are also called smooth. We refer to [3] and [12] for outlines of the corresponding concepts of manifolds and Lie groups modelled on arbitrary locally convex spaces (which need not satisfiy any completeness conditions). All Lie groups and manifolds we consider may be infinite-dimensional, unless the contrary is stated. Compare [18] for the case of sequentially complete modelling spaces, [13] for differential calculus on Fréchet spaces; see also [17] . If U is an open subset of a locally convex space E, we identify its tangent bundle T U with U × E, as usual. If M is a smooth manifold, we let π T M : T M → M be the bundle projection. If f : M → U is a C 1 -map, we write df :
1.2 Every Lie group G acts smoothly on its tangent bundle from the left via
for the tangent space of G at the neutral element. If γ : [0, 1] → G is a C 1 -curve, we define its left logarithmic derivative as
where
) with the so-called compact-open C k -topology (the initial topology with respect to the maps
is smooth, then G is called C k -regular. We mention that C k -regularity implies C ℓ -regularity for all ℓ ∈ N ∪ {∞} such that ℓ ≥ k. If G is C ∞ -regular (the weakest regularity property), we simply say that G is regular. See [18] , [10] , [12] , and [19] for further information (cf. also [16] ).
1.3 Consider a Lie group G which is the union of a directed system (G i ) i∈I of Lie groups, as described in the introduction, with inclusion maps η i : G i → G for i ∈ I and η ji : G i → G j for i ≤ j in I. Let E be the modelling space of G and E i be the modelling space of G i , for i ∈ I. We say that a chart φ : V → W ⊆ E of the smooth manifold G is a direct limit chart if e ∈ V and the following holds:
(a) E = i∈I E i and E i ⊆ E j for i ≤ j in I; moreover the inclusion maps λ i : E i → E and λ ji : E i → E j are continuous linear and E, with the maps λ i , is the direct limit locally convex space E = lim −→ E i of the direct system ((E i ) i∈I , (λ ji ) i≤j ) of locally convex spaces. 
for G i , for each i ∈ I, and moreover V = i∈I V i and V i ⊆ V j (and hence also
Then the L(η i ) := T e (η i ) and L(η ji ) := T e (η ji ) are injective and L(G), with maps L(η i ), is the locally convex direct limit of ((L(G i )) i∈I , (L(η ji )) i≤j ). When convenient, we identify L(G) with E and L(G i ) with E i using the isomorphisms dφ| L(G) and dφ i | L(G i ) .
See [7] for generalities concerning direct limits of Lie groups and related topics. In the case of ascending sequences G 1 ⊆ G 2 ⊆ · · · , direct limit charts were defined and exploited in [6] . The case of uncountable index sets was considered in [9] .
Proof of Theorem A
To prove Theorem A, we write g i := L(G i ) for i ∈ I and abbreviate g := L(G) and h := L(H). For i ∈ I, let η i : G i → G be the inclusion map and for i ≤ j in I, let η ji : G i → G j be the inclusion map; all of these are group homomorphisms and smooth. Abbreviate
g i as a locally convex space, we deduce that there is a unique continuous linear
Let φ : V → W ⊆ g be a direct limit chart for G. Thus V = i∈I V i with open e-neighbourhoods V i ⊆ G i and W = i∈I W i with open 0-neighbourhoods
g as a vector space) and φ| V i : V i → W i is a chart for G i . We let Q ⊆ W be an open 0-neighbourhood which is balanced (i.e., [−1, 1]Q ⊆ Q). After replacing W with Q, the set V with φ −1 (Q), the set W i with W i ∩ Q and V i with φ −1 (W i ∩ Q), we may assume that W is balanced. Then
In fact, let w ∈ W . For each t ∈ [0, 1], we have tw ∈ W and find i(t) ∈ I such that tw ∈ W i(t) . As the map [0, 1] → g i(t) , s → sw is continuous and
Given x ∈ V , we define a smooth curve γ x : [0, 1] → G with γ x (0) = e and
, and this is a smooth G j -valued function of t. Thus
For x and j as before, we obtain
Note that h :
is a smooth map, whence also
is a C ∞ -diffeomorphism by the construction of the Lie group structure on C ∞ ([0, 1], G) (see, e.g., [12] ; cf. [4] ). Now δ :
is smooth. Like every homomorphism between Lie groups which is smooth on an open identity neighbourhood, f is smooth.
Proof of Theorem C
Proof of (a). The map φ from (1) is a direct limit chart for
of j∈Φ G j around e, for each Φ ∈ F . Also note that the restriction of f to j∈Φ G j with Φ = {j 1 , . . . , j n } is the map
which is smooth if and only if f j is smooth for all j ∈ Φ. Therefore all assertions follow from Theorems A and B.
(b) Write π T M : T M → M for the bundle projection and let Γ c (T M) be the locally convex space of all compactly supported smooth vector fields on M. Given a compact set K ⊆ M, write Γ K (T M) for the Fréchet space of all smooth vector fields X : M → T M which are supported in K. Let Σ : U → M be a local addition for M, i.e., a smooth map on an open neighbourhood U ⊆ T M of 0 M := {0 p ∈ T p M : p ∈ M} such that Σ(0 p ) = p for all p ∈ M and moreover the map
has open image and is a C ∞ -diffeomorphism onto its image. 1 We can (and shall) assume, moreover, that
There is an open subset
as a locally convex space, we see that φ −1 is a direct limit chart for Diff c (M). As Diff c (M) and the Lie groups Diff K (M) are regular (see, e.g., [11] ), we can apply Theorems A and B.
(c) Let E be the modelling space of F and φ : V → W ⊆ E be a chart for F such that e ∈ V , φ(e) = 0 and dφ|
as a locally convex space, we see that C Classes of Lie groups which are C k -regular for finite k can be found in [10] and [11] . 2 Notably, every Banach-Lie group is C 0 -regular (and hence each finitedimensional Lie group). Moreover, all direct limits of ascending sequences of finite-dimensional Lie groups are C 0 -regular, and also all of the Lie groups Diff c (M) and Diff K (M).
Proof of Theorem D
Let H be a Lie group with smooth exponential function and f : G → H be a homomorphism of groups such that f | G i : G i → H is smooth for each i ∈ I.
for all i ≤ j in I. By the universal property of the direct limit, there is a unique continuous linear map
and thus exp H (ψ(v)) = f (exp G (v)) for all v ∈ L(η i )(L(G i )). As L(G) = i∈I L(η i )(L(G i )), we deduce that f • exp G = exp H •ψ, which is a smooth map. As exp G is a local C ∞ -diffeomorphism at 0, we deduce that f is smooth on some open identity neighbourhood in G. Since f is a homomorphism, smoothness of f follows. .
